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Abstract 

The effective four-dimensional supergravity of M-theory compactified on 
^ ■ the orbifold / Z2 and a Calabi-Yau threefold includes in general moduli 

supermultiplets describing massless modes of five-branes. For each brane, 
^ \ one of these fields corresponds to fluctuations along the interval. The five- 

5^ \ brane also leads to modifications of the anomaly-cancelling terms in the 

eleven-dimensional theory, including gauge contributions located on their 
world- volumes. We obtain the interactions of the brane "interval modu- 
lus" predicted by these five-brane-induced anomaly- cancelling terms and we 
construct their effective supergravity description. In the condensed phase, 
these interaction terms generate an effective non-perturbative superpoten- 
tial which can also be interpreted as instanton effects of open membranes 
stretching between five-branes and the S'^ /Z2 fixed hyperplanes. Aspects of 
the vacuum structure of the effective supergravity are also briefly discussed. 
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1 Introduction 



Heterotic Eg x Eg strings compactified to four dimensions on a six- dimensional space Kq 
are also described by M-theory compactified on Kj = /Z2 ^ Kq lUEl- In particular, 
it is straightforward to verify jSl IH El E] that the effective A/4 = 1 supergravity found 
in Calabi-Yau or orbifold compactifications of perturbative heterotic strings [3 |Sj is 
reproduced by brane-free M-theory configurations with compact space K-j. A novelty 
of the M-theory approach lies in the possibility to concretely analyse physical effects of 
non-perturbative brane configurations. In the low-energy effective supergravity approx- 
imation, configurations with five-branes and/or membranes (two-branes) El C] of 
compactified M-theory can be studied from simple modifications of the field equations 
predicted by eleven-dimensional supergravity [TTj . 

An obvious distinction in the nature of five-brane and membrane effects follows from 
the alignement conditions applying to their respective world-volumes if one requires 
that the configuration admits (exact or spontaneously broken) ACt = 1 supersymmetry 
(four supercharges). Each five-brane world- volume is the product of four-dimensional 
space-time and a holomorphic two-cycle in the Calabi-Yau threefold and conditions 
apply on the respective cycles of pairs of world- volumes fOl Five-brane mass- 
less excitations which belong to six-dimensional chiral supersymmetry multiplets 
expanded in modes of the two-cycle, lead then to new four- dimensional fields to be in- 
cluded in the effective supergravity description. Some of these modes do not depend on 
the detail of the Calabi-Yau geometry: the five-brane modulus describing fiuctuations 
along the IZ2 direction, the two-index antisymmetric tensor S^^, with self-dual field 
strength and their fermionic A/4 = 1 partner. These states can be assembled either in 
a chiral supermultiplet which we will call S or, in a dual version, in a linear multiplet. 
The effective supergravity for this "universal five-brane modulus" supermultiplet has 
been studied in ref. ^H] (see also ref. pRE|)^. Firstly, the Kahler potential of the theory 
with this new superfield has been obtained and the absence of direct contributions to 
the (perturbative) superpotential has been demonstrated. Secondly, on the basis of the 
four-dimensional superspace structure only, the possible appearance of new threshold 
corrections has been emphasized. 

In contrast, open membrane euclidean world- volumes include the S'^ / Z2 direction 
and a cycle in Kq I17j. They stretch between the / Z2 fixed planes, or between a 
fixed plane and a five-brane, or between pairs of five-branes. Their effects in the four- 
dimensional effective supergravity are then localized in space-time, they can be viewed 
as instanton-like corrections to the interaction Lagrangian. While open membrane 
^And, as a function of a non-trivial background value of the five-brane modulus, ref. llfij . 
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stretching between the fixed hyperplanes correspond in the string approach to world- 
sheet instantons, membranes ending on a five-brane describe forces acting on this brane. 
Their contributions to the effective supergravity are then expected to lead to new (non- 
derivative since the world- volume includes /Z2) interactions involving the five-brane 
modulus. 

The corrections to the effective four-dimensional supergravity induced by the var- 
ious types of membranes have been studied in refs. [HI UHl d] . They were found to 
contribute to the chiral F-density part of the Lagrangian density, in the form of a 
non-perturbative superpotential. Specifically, an interaction bilinear in the five-brane 
fermion in superfield S has been computed in the four- dimensional background with 
the five-brane and open membranes ending on it. The resulting non-perturbative su- 
perpotential shows an exponential dependence on the five-brane universal modulus 
typical of instanton calculus. To isolate the membrane contributions from other pos- 
sible non-perturbative sources, a specific regime is chosen.^ As a consequence, even if 
the instanton calculation clearly establishes the existence of an exponential dependence 
on it does not allow to infer how this exponential term would combine with other 
non-perturbative contributions which, like gauge instantons, are expected as well.^ 

The relevance to physics of the M-theory system with five-branes and membranes 
strongly relies upon the structure of superpotentials generated by fiuxes, gaugino con- 
densates and open membrane instantons. Phenomenological questions addressed in 
the literature include supersymmetry breaking and gaugino condensation five- 
brane stabilization (stabilization of the modulus 5") QP] , stabilization of all moduli 
pUj . the existence of stable de Sitter vacua [2D1I2I1, inflationaly phases and potentials 
PT| and cosmic strings These analyses use in general simplifying assumptions, 

in the Kahler metric which shows a severe mixing of all moduli when five-brane fields 
are present, or in the superpotential which is assumed to be a simple sum of non- 
perturbative contributions. 

In the present paper, we use the anomaly-cancelling terms of the eleven-dimensional 
theory on the orbifold 5*^/^2, as modified when five-branes are present, to derive new 
interactions involving the five-brane universal modulus supermultiplet which describes 
fluctuations along the /Z2 orbifold direction. These new interactions are then shown 
to induce, in the condensed phase, the effective non-perturbative instanton superpoten- 
tial expected from membranes stretching between a fixed hyperplane and a five-brane. 
This superpotential correctly reduces to the results of refs. [131 CHI UH] in the regime 

^For instance, Moore, Peradze and Saulina select a regime where "open membrane instanton 
effects are the leading source of non-perturbative effects" . 

^Writing the complete non-perturbative superpotential as a sum of contributions, as for instance 
in ref. ^1], is an assumption which needs to be justified. 
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considered in these articles, but its derivation does not require choosing a particular lim- 
iting regime. This approach provides then direct information on the non-perturbative 
superpotential with combined gauge and membrane instantons effects. 

The fact that these four-dimensional interactions can be obtained by consider- 
ing seemingly unrelated arguments (membrane instanton calculus or gauge anomaly- 
cancelling terms) is a consequence of the superfield structure of the four-dimensional 
theory. We use an effective superfield formulation UH] which fully respects the 
symmetry and supersymmetry ingredients defining the microscopic system: the modi- 
fications of the Bianchi identities and of the topological term induced by fixed planes 
and five-branes. It also respects the symmetries of the five-brane multiplet, with its 
self-dual three-form field. Thus, a given superspace contribution in the effective La- 
grangian describes various aspects of the microscopic theory, related by the superfield 
structure of the effective theory. This method has been applied to the derivation of the 
Kahler potential ^31, including non-linear couplings of the five-brane superfield S, and 
we will see in paragraph 14. II that these kinetic terms can be derived from (at least) two 
quite distinct sectors of the microscopic theory. They can certainly be derived from the 
Calabi-Yau reduction of the five-brane Born-Infeld Lagrangian . But they can also 
be derived from a universal correction to gauge kinetic terms, quadratic in S, induced 
by S^/Z2 anomaly-cancellation. 

Schematically, our argument goes as follows. Since we confine ourselves to the 
effective four-dimensional supergravity with up to two derivatives, for which a (super- 
conformal) superspace formulation exists, counterterms cancelling Lorentz anomalies 
will be irrelevant to our discussion.^ Gauge anomaly- cancelling terms are then entirely 
due to the "topological term" of eleven-dimensional supergravity [TT] 



Sources for the Bianchi identity verified by G4 are provided by the two fixed hyperplanes 
of the S^/Z2 orbifold and by the aligned five-branes, so that 



The contribution AG4p/a„es depends on the gauge curvatures living on the planes, 
and both corrections explicitly depend on the S'^ / Z2 coordinate and respect the Z2 
symmetry used to define the orbifold projection. The topological term leads then to a 
gauge interaction of the form 






■^They would however lead to similar phenomena. 
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This term gives rise in particular to a gauge interaction of the massless orbifold modes 
of C3 located on the five-brane world- volumes and depending explicitly on their position 
along 5*^. And, after integration over the Calabi-Yau space, it produces a coupling to 
F A F of the axionic partner ImT of the Calabi-Yau volume modulus^ ReT which 
depends on the five-brane locations along S^. The superfield structure developed for 
the effective supergravity of the universal five-brane modulus ^3] can then be used to 
understand this interaction as a threshold correction with a calculable dependence on 
the five-brane modulus. In particular, the universal part of these contributions can be 
derived from the Dirac-Born-Infeld kinetic Lagrangian. The non-perturbative effective 
superpotential follows then from standard gaugino condensation. Its dependence on the 
five-brane modulus is precisely the one expected from membrane instanton calculations, 
as performed for instance in ref. [T^ . 

Along similar lines, a description of some new charged matter contributions arising 
from M-theory anomaly-cancellation can be given. An interesting feature is that the 
structure organizing five-brane threshold corrections is carried over to these matter 
interactions. 

The paper is organised as follows. The anomaly counterterm at the origin of the 
five-brane-related gauge interactions is derived in Section |21 The reduction to four 
dimensions and the identification of the obtained terms as superfield densities are then 
discussed in Sections El and El Then, in Section condensation is performed to derive 
the non-perturbative superpotential, compare it with membrane instanton results and 
discuss some physical consequences. Conclusions and comments are added in Section 
Eland an appendix collects conventions, notations and technical details. 

2 The anomaly counterterm 

Ten- dimensional hyperplanes located at the Z2 fixed points along and five-branes 
act as sources of the Bianchi identity verified by the four-form field G4 of eleven- 
dimensional supergravity. As a consequence of these contributions, the topological term 
acquires anomalous variations under local symmetries. Together with the variations 
of the Green-Schwarz term |211ffll21El; of order four in the Riemann curvature, these 
anomalous variations are precisely those required to cancel perturbative gauge and 
Lorentz anomalies generated by the Z2 orbifold projection of the eleven-dimensional 

^For the bulk moduli T and S, we use the terminology familiar from string compactifications in 
which T is the volume modulus and S the dilaton or string coupling modulus. The terminology 
commonly used in the context of Af -theory, as for instance in refs. |14lll5j . is unfortunately different. 
Our conventions are precisely stated in the appendix. 
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theory and by the chiral gauge multiplets hving on the hyperplanes. 

The modification of the Bianchi identity and of its solution G4 of course leads to 
modifications of the effective action. All modifications generated by the topological 
term would have more than two derivatives in the heterotic, ten-dimensional, small 
radius limit. But compactifying further to four dimensions on the Calabi-Yau space 
Kq also generates modifications of the effective action at the level of two-derivative 
gauge terms, because of the non-trivial background values of (tri?^) and (trF^). The 
purpose of this section is to precisely derive some of these terms which arise whenever 
five-branes are present. We then begin by recalling some aspects of the description 
of M-theory on the orbifold S^/Z2. It should be noted that some ambiguities remain 
in our understanding of this description. The gauge sector relevant to our problem 
escapes however these ambiguities. 

The explicit formulation of the modified Bianchi identity uses two types of sources, 
associated with hyperplanes supporting Yang-Mills ten-dimensional supermultiplets 
and five branes world-volumes. On both hyperplanes (labelled by i = 1, 2) live gauge 
supermultiplets with curvature two- forms Fj. The quantity appearing in the Bianchi 
identity is the gauge invariant four-form 



'4,j 



dh,^ = 0, {^ = l,2), (2.1) 



(47r)2 L30 ' 2 

where R is the Lorentz curvature two-form. Five-branes compatible with f/^ = 1 
(four supercharges) supersymmetry wrap space-time M4 and a two-cycle in Kq. The 
transverse Dirac distribution s!^^ ^ for five-brane number I with world- volume We,/ is 
the five-brane source in the Bianchi identity, which then reads^ 

dG, = 2(47rK2)V3[l ^5(5)(y^g^^) - l]5./4,]. (2.2) 

I i 

The one-forms 

5^ = 5{y) dy, 5^ = 5{y - vr) dy (2.3) 

locahze the gauge sources on the Z2-fixed hyperplanes.'' In order to respect the Z2 
symmetry used in the orbifold projection, we actually label with index / pairs of five- 
branes located at ±y/.® 

The procedure to resolve ambiguities in the solution of the Bianchi identity has been 
discussed in detail in the literature.^ The general solution of eq. (j2.2|) includes several 

^Supersymmetry forbids that both five-branes and anti-five-branes couple to the /Z2 orbifold. 

^The appendix collects our conventions. 

^And one may then choose < j// < tt. 

^For instance in refs. [21] and and references therein. 
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arbitrary integration constants which are constrained by consistency conditions: the 
four-form field G4 should be gauge-invariant and globally well-defined, its action should 
be well-defined, the fields eliminated by the Z2 truncation should be gauge- invariant, as 
well as the massive modes of the 5*^ expansion of the surviving states. These conditions 
should be verified for any number of five-branes at arbitrary locations. Writing 

hranes + AG'4 ,planes} 

(2.4) 

the consistency constraints point to a unique solution for the hyperplane contribution^^: 
where, as discussed in detail in the appendix, 

y — Ui 

ei{y) = sgn{y -yi) -, l/i = 0, I/2 = vr, ?/ G [-tt, tt] (2.6) 

71 

and the Chern-Simons three-forms are defined by 

dujs^i = h,i, i = 1,2. (2.7) 

A similar discussion can be made for the five-brane contribution to G4. As already 
mentioned, the five-branes are space-time filling and wrap a holomorphic two-cycle in 
Kq. This implies that one can certainly write 

5^'\m,i) = [5iy - yi) + Siy + yi)]dy A 6^^\We,i), (2.8) 
where S^^^Wej) is now a four-form Dirac distribution in Kq such that 

JMixKa JWf, t 



for any six-form /g. The natural solution of the Bianchi identity is then to include in 
6*4 the brane contribution 

AG4,fe™nes = (47r/€2)l/3 [ 1 (^)<5(4) (Wg^,) _ Idy A e^^\W^,l)\ + dC^, 

= -(47r«:2) V3 _ y^) + + y^)}dy A O^^^W^j) (2.9) 

+d{c, + \{A'nK^fi^Y.r^yAy¥^'Ky^^,i)}, 

where d9^^\W(ij) = ^(^^(We,/) and 



^yiiy) = sgn {y - yi) + sgn (y + yj)- ^, < ?// < tt 

diy^iy) = 2 [5{y - yi) + 5{y + yi) - i] dy. 



(2.10) 
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This is the sohition with "6 = 1" in refs. |25l I26| . 
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Notice that ei(y) = |eo(y) and €2(2/) = |e7r(y). The addition in eq. ()2.9|) of the term 
dCs allows for the introduction of brane modes contributions into the topological term, 
if necessary j^H]: it is known pTj l^ that a gauging by C3 of the three-form field of five- 
brane fluctuations is induced by consistent coupling of five-branes to eleven-dimensional 
supergravity. We will not elaborate on this point here since in four dimensions the 
needed terms would automatically appear in the supersymmetrization of the effective 
theory. 

To summarize, one can write 

-{ATTK^y/^ ZMv - yi) + 6iy + yj)}dy A e^^^W^j), (2.11) 

and G4 and dC^ only differ at locations where hyperplanes or five-branes sit. 

The gauge transformation of C3 is completely fixed by consistency of the Z2 orbifold 
projection. The topological term indicates that C3 is intrinsically odd. The components 
Cabc, A,B,C = 0. . . . , 9, are then projected out and should then for consistency be 
gauge invariant. This condition implies 

6C, = (47r«:2)i/3irf^AEi^2\., 

(2.12) 

where Suj^^i = dui\^. The correct modified topological term, which cancels anomalies 
locally, is then [2^1 

j CsAG.AG,. (2.13) 

Our goal is to infer from this modified topological term four- dimensional interactions 
of the massless /Z2 x Kq modes. The substitution of eqs. (j2.11|) leads to two classes 
of terms. Firstly, contributions involving the massless mode Cabv (^5 B = 0, . . . , 9). 
This mode corresponds to the antisymmetric tensor Bab of ten-dimensional sixteen- 
supercharge supergravity. From gauge-transformation ()2.12|) . one deduces that the 
appropriate definition with 6B = {4:n)^J2i^2i is^^ 

Bab = (47r«:2)-V3(4^)2 c'^)^^^ c'^)^^ = ^ dyCABy, (2.14) 
"See Section H 

^^Taking into account the factor (47r)^^ in the definitions of I^^i and oj^^i. This is the definition of 
the two-form field commonly used in ten dimensions, with dimension (mass)^. 
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where is the radius. In terms of this massless field, the topological term produces 
the following four-dimensional interactions 

/ ^2 A [V ei ej h,i A hj - V q e,, h, A S^^\We,i)] , (2.15) 



327r2 



with = J^^ dy. The first contribution, when integrated over only, generates 
the Green-Schwarz gauge anomaly-cancelling terms expected for the x heterotic 
string |21]. Its consequences for Calabi-Yau compactifications have been studied long 
ago [221 El- When integrated over x Kq, it leads to gauge threshold corrections 
depending on the Calabi-Yau volume modulus as well as dilaton-dependent charged- 
matter terms. The second contribution, which also depends on the position of the 
five-branes, is of interest to us. 

The modified topological term also produces the following Cs-independent gauge 
interactions: 

~oi ~ 5^1 ^'^i ^3,i A h,j A cua^fc + - tieyj u-^^i A 5^"^^ ( We, j) A cug^fe 

,j) A ujs^k + ^ ^i^j^3,i A h,j A O^^^Wq^k) 

i,J,k 

(2.16) 

After integration over y, the first contribution is a local counterterm allowed by anomaly 
cancellation [2^1 The next three terms are non-trivial brane contributions depending 
on their positions along S^. 

The overlap integrals over give an interesting result. First introduce the numbers 

dij = / dyeiej = -(35^^-1) (2.17) 



for the first integrals in contributions ()2.15jl and ()2.16|1 . For those depending on the 
brane position, define the variables 

^1,1 = -, A,,2 = l--, (0<yi<n; < A/,, < l), (2.18) 

71 71 \ / 

the distances from brane I to the fixed planes, with normalization A/,i + A/, 2 = 1- 
Then, 



271 6 TT^ O 



(2.19) 
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The anomaly twelve-form obtained from descent equations vanishes. 



8 



It will be important for the supersymmetrization of the four-dimensional interactions 
that the terms quadratic in yj are identical in both integrals. With these results, 
contributions ()2.15p lead to 



^2 A + 4% -74,1/4,2) 



(2.20) 



while expressions fl2.1fj|l give 

^ / |a;3,i A^3,2A(/4,i-/4,2) + ^y](A7,i-A7.2)5(^H>V6,/) A^3,lA^3.2 

- ^^'^ ("^6,/) A [( A,,2 ^3,1 - A,,i ^3,2) A ( A,,2 h,i - A,,i 14,2) (2.21) 

-UJ3,1 A h,l - U;3,2 A /4,2 + ^C^3,l A /4,2 + ^^3,2 A h,l |, 

after some partial integrations. 

The anomalous gauge variation of contributions (j2.2(Jj) and (j2.2ip can be written as 



TT 



2 (^2,1 h,i + ^2,2 4,2) 



271 



^^'HVVe,/) A [A,,2 - A,,i A [A,,2 h,i - A,,i 14,2] 



(2.22) 



Applying descent equations to these variations leads to the formal anomaly twelve-form 
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A 



III + Ih - h,ih,2 + Ei S^'Km,i) A {(1 - 3A2 2)14,1 + (1 - 3A2 1)14,2} 



= ii2Mt. + EiS^'Km,i)isj, 

(2.23) 

since for four-dimensional space- time-filling five-branes, 5^^\W6j) A 5^^\W6j) = 0. 
The contribution of each five-brane is encoded in the eight-form 

Is,i = vr[A,,2/4,i - A,,i/4,2]', (2.24) 

while the heterotic contribution is as usual Ti2,het. = ~f [-^l 1 + -^l 2]- 

The form of Tg,/, eq. (j2.24|) . clearly shows that the distance from the brane to the 
first plane acts as the (inverse squared) coupling of the gauge fields living on the second 
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plane. Similarly, the distance from the brane to the second plane acts as the (inverse 
squared) coupling of the gauge fields living on the first plane. 

At this point, the conclusion is that the effective, four-dimensional supergravity in- 
cludes gauge contributions due to five-branes which arise from the Calabi-Yau reduction 
of expressions ()2.20|) and ()2.21|) . as derived from the modified topological term ()2.13|) . 
In the next two sections, we perform this reduction keeping only the "universal" mass- 
less modes unrelated to geometrical details of Kq, but including the five-brane modulus 
along the direction, and we write the effective four- dimensional supergravity using 
superconformal tensor calculus. 



3 Reduction to four dimensions 



In the reduction to four dimensions, we use the freedom to rescale moduli fields to set 
the 5*^ circumference 2ttRsi and the Calabi-Yau volume Vg to unity. 

As usual, the massless modes of the metric tensor expanded on M4 x include 
g^i,, the scalar field gyy and massless modes of the internal metric g^-j^. Among these, we 
only keep the universal, Kahler-metric volume modulus. Similarly, the antisymmetric 
tensor Cabv leads to a massless B^^, and we only keep the universal massless mode of 
the internal tensor i?-^. With these bosonic modes and their fermionic partners, the 
reduction of eleven-dimensional supergravity can be described by two chiral multiplets 
S and T with the familiar Kahler potential [71IH]^^ 

)C = -\n{S + S)-3ln{T + T). (3.1) 

Following eq. ()2.14|) . we define 

B,, = ■^(47rK2)-V3 c^^y , Bf^ = 4 ImT% (3.2) 

2 

and B^i, is dual to ImS*. 

With five-branes, vector fields on the two fixed hyperplanes gauge an algebra Gi x G2 

which is further broken by the Calabi-Yau compactification. Embedding the SU{3) 

holonomy into Gi x G2 defines the four- dimensional gauge group G(4) as the stabilizer 

of this SU{3) in Gi x G2- Calabi-Yau reduction of the ten-dimensional gauge fields^^ 

The four-dimensional gravitational constant is then but we nevertheless use different 

symbols since their mass dimensions differ. 

^^In general, we use the same notation for a chiral supermultiplet and for its lowest complex scalar 
component. 

"'^^We find useful to keep track of the plane index i = 1, 2 and a{i) is then an index in the adjoint 
representation of Gi. Similarly, a{i) will be used for the adjoint of G(4) and m{i) for the representation 
spanned by complex scalar fields. 



10 



A'^^'^ leads then to the corresponding gauge fields Alx^^\ It also produces a set of 
5'f/(3)-singlet complex scalar fields A"^^"^^ in some representation of G(4). 

With up to two derivatives, Riemann curvature contributions in counterterms ()2.20l - 
I2.21|) can be omitted. The Calabi-Yau reduction of l4^i delivers then: 

3! „o(i) „o(i) 



per] 



(3.3) 

2 (■)('){■) 

In the last expression, Xi^mnp is the symmetric tensor invariant under G(4) that may 
arise from the internal Chern-Simons term Uijki- We will use the notations 

i 

to denote this cubic holomorphic couplings which also appear in the superpotential 

W = c + XA\ (3.5) 

Finally, I^^i has a non-trivial background value {Ii,i)ijki- 

With these results, the reduction to four dimensions of the first line in expression 
()2.20p . which depends on B2 and exists without five-brane can be written 



—I 



(J,) e^''''"{d,B,,) J][^'"«(I).^'"^'^) - X^^'^iV^A^^^)] (3.6) 



The background value of l/^^i is encoded in the integral over the Calabi-Yau manifold 

{^^^) = yt [ a.)MM%e^''e^. (3.7) 

In expression ()3.6p . the first term is a threshold correction depending on the volume 
modulus already well-known from the heterotic strings jHl 12^] • The second and third 
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contributions describe interactions of matter scalars with the string couphng multiplet. 
They have been considered in detail in refs. 

The reduction of the five-brane contribution in expression (|2.2(Jj) leads to the fol- 
lowing Lagrangian terms: 



I ,i 



m 

(3.8) 

The area of the Calabi-Yau two-cycle (with coordinate z) wrapped by the five-brane 
world-volume can be written 

f dz^ dz^ 
ai = dz dz— — 6mn ■ (3.9) 

Jca,, dz dz 

The first term in ()3.8p is the five-brane contribution to gauge threshold corrections. 
Its existence has been demonstrated in an explicit background calculation by Lukas, 
Ovrut and Waldram ^HJ • The second term is again a matter interaction with the 
string coupling multiplet. Both terms depend on the positions yi of the five-branes. 
Hence, they depend on the S^/Z2 five-brane modulus. 

The terms collected in expression (12.211) are somewhat ambiguous since they are 
defined up to contributions which, like the first one or any counterterm of the form 
O^^^Wej) A Jy, do not contribute to the gauge-invariant anomaly twelve-form. To 
reduce the first term, introduce the four-dimensional Chern-Simons forms 

1 1 

9[iii^i,upa] = ^ ^i,[fJ.u ^i,pa] , ^[At^i,i/]jfe = 2 "^^-M^^J^ ' (3 10) 

The first term then generates couplings of charged matter scalars to gauge fields: 



I 



-A^i d,{\A?^ + 2[A^2 5a(A^?) - \A\ 9,(A^?)] 



12(47r)3 
+ (1^2). 



.1^2) 



(3.11) 

As we will see in the next section, these terms do not have a natural supersymmetric 
extension in general, a fact which may have some relation to their ambiguous character. 
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Notice however that in the minimal embedding of the Calabi-Yau background into one 
plane only, most of these mixing terms are absent and a natural supersymmetrization 
exists. 

Likewise, the second term in eq. ()2.2H1 yields gauge-matter interactions depending 
on the five-brane positions along S^: 

X - + (1 ^ 2). 

m 

(3.12) 

In the next section, we will derive the effective four-dimensional supergravity in the 
particular case of a single five-brane. To simplify, we will omit the index / and the 
corresponding sums. We will however use a formulation in which restoring contributions 
of several branes is straightforward. 



4 The effective supergravity 

The universal IZ2 five-brane modulus describing fluctuations along the interval di- 
rection has a supersymmetric bosonic partner arising from the mode expansion of the 
five-brane antisymmetric tensor Bmn- Six-dimensional (world- volume) supersymmetry 
of the five-brane multiplet requires that the three-form curvature iimnp of this ten- 
sor is self-dual. For the massless four-dimensional universal mode, self-duality is the 
condition^^ 

ii^ivp = 39[^-B,,p] = e^e^yp'' dfjBq = e^e^up'^ H^^-^. (4.1) 

Then, clearly, the four- dimensional supersymmetric description of the five-brane uni- 
versal modulus uses either a linear multiplet L with the tensor Hp_i,p and a real scalar 
C for the modulus, or a chiral multiplet with complex scalar S and Im S related to S-j. 
The supersymmetric extension of condition ()4.1|) is chiral-linear duality, the duality 
transformation exchanging superfields S and L |3U]. 

The fact that the chiral multiplet 5* is dual to a linear multiplet has three important 
consequences for its supergravity couplings. Firstly, the Kahler potential is a function 
of + S" only. Secondly, the holomorphic gauge kinetic function can only depend lin- 
early on 5*. These two consequences follow from the intrinsic gauge invariance of B^y, 
which translates into axionic shift symmetry of S in the chiral formulation. Thirdly, 
^^Omitting fermion and covariantization contributions. 
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the superpotential does not depend on S. In supergravity, in contrast to global su- 
persymmetry, this statement is ambiguous and directly linked to the first consequence 
above. The superpotential W and the Kahler potential /C are not independent: the 
entire theory depends only on Q = /C + ln|iyp. Terms can then be moved from or 
into /C provided they are harmonic functions of the complex chiral fields. The correct 
statement is then that Q may only depend on 5* + S*. Moving terms from /C to the 
superpotential can artificially generate a dependence on S of the form 

Wnew = e'%(z*), (4.2) 

where 6 is a real constant and z"^ denotes all other chiral multiplets, and a new 
Kahler potential lCnew{S + S", such that the function Q remains unchanged, 

/C+ln = /C„e^+ln iPKietuP- Notice that adding a ^-independent term to the super- 
potential ()4.2p is not allowed. Non-perturbative exponential superpotentials generated, 
for instance, by gaugino condensation, and added to a perturbative superpotential are 
then incompatible with chiral-linear duality. 

The effective four- dimensional supergravity depends on three moduli multiplets 
coupled to supergravity, gauge and charged matter superfields. Each of the three 
moduli scalars has a component of an antisymmetric tensor as supersymmetry partner. 
More precisely, the string coupling modulus is in the multiplet describing G^^py, the Kq 
volume modulus is paired with G^^^y and the five-brane jZi modulus is the partner 
of the components -ff^jyp or -ff^j^ of the self-dual antisymmetric tensor living on the 
brane world- volume. We find, as explained in ref. more efficient to formulate 
the theory using superconformal tensor calculus and to introduce three moduli vector 
superfields to describe these moduli multiplets: 

V (ti? = 2, = 0): G^^y^y, string coupling modulus, . . . 

Vt [w = n = ^\. G^^j^y, Calabi-Yau volume modulus, . . . 

V [w = n = Q): Hfj^i^p, five-brane /Z2 modulus, . . . 

The components of the antisymmetric tensors are identified with the vector fields in 
these multiplets, the moduli scalars with their real lowest components. These vector 
multiplets are then submitted to Bianchi identities obtained from the K-j reduction of 
the eleven-dimensional Bianchi identity for 6*4, eq. ()2.2|) . and the self-duality condition 
of the five-brane tensor. In each case, the supersymmetrized Bianchi identity also 
reduces the number of off-shell states from 9>b + in a vector multiplet to 4^ + 4ir. 
These Bianchi identities are imposed as the field equations of three Lagrange-multiplier 
superfields: 

^*See however ref. [3T] for an analysis. 

-'^^The Weyl weight is w and n is the chiral weight. 
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S [w = n = 0): a chiral multiplet for the Bianchi identity verified by V, 
Lt (w = 2,n = 0): a linear multiplet for the Bianchi identity verified by V^, 
S (w = n = 0): a chiral multiplet for the self-duality condition of the 

brane tensor, applied to V . 

Eliminating these Lagrange multiplier superfields defines the three vector multiplets in 
terms of the physical fields solving Bianchi identities. The important advantage of this 
procedure is that supersymmetrizing the theory before eliminating Lagrange multipli- 
ers automatically delivers the correct non-linear couplings of source terms (brane and 
plane contributions) to moduli and then the correct Kahler potential. Alternatively, 
equivalent (dual) versions of the theory can be obtained by eliminating some vector 
multiplets instead of the Lagrange multipliers. 

These six multiplets describing bulk and brane states are supplemented by states 
living on the fixed hyperplanes. In the notation defined in the previous section, these 
states include gauge chiral superfields W"^*^ (i = 1,2 as usual, w = n = 3/2) and 
charged matter chiral multiplets {w = n = 0) in some representation of the gauge 
group. They will be collectively denoted by M and they contain the complex scalar 
components Finally, we need the compensating chiral multiplet Sq {w = n = 1) 

to gauge fix the superconformal theory to super-Poincare symmetry only. 

With this set of superfields, the Lagrangian nicely splits in a sum of five terms with 
well-defined higher- dimensional interpretations: 

^bulk ~l~ ^Bianchi ~l~ ^kinetic ~l~ ^thresholds ~l~ ^ superpotential ■ ('^■'^) 

The bulk Lagrangian jS^ 

C,uik = -[{SoSoVTf\2V)-'/']^ (4.4) 

can be directly obtained from the Kj reduction of eleven-dimensional supergravity, 
expressed in terms of G4. It depends on V (string coupling multiplet) and Vr {Kq 
volume modulus multiplet), and of the compensator Sq. In eq. ()4.4j) . [. . .]d denotes the 
invariant real density formula of superconformal calculus, as reviewed and developed in 
for instance refs. jHSI- Similarly, [. . .]f will below denote the chiral density formula. 

The coupling of plane and brane fields (W"*^*-', M and V^) to bulk multiplets is 
entirely encoded in C Bianchi, which reads jTHj 

CBianch^=\-iS + S){V + 2n, + 2n2) + LTiVT + 2Me^''M) + lT{S + §)Vv] , (4.5) 
L 2 J D 

where Qi and Q2 are the Chern-Simons multiplets {w = 2,n = 0) for the gauge algebra 
arising on each hyperplane, defined by^^ y\;°(«)>V"(*) = 16S(fij), and Me^^M = 

^"In global supersymmetry, [. . .]d and [. . .]f would be / d'^9[. . .] and / d^9[. . .] + li.c. 
^^The operation £(. . .) is the superconformal analog of in global superspace. 
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Emi^"" [e^^M]"(*) is the Wess-Zumino La grangian superfield. This contribution is 
gauge-invariant since [(5*+ S')(5fii + SQ2)]d is a derivative. The dimensionless number 
r is proportional to the five-brane tension T5. In our units, it reads 

where a is the area of the two-cycle wrapped by the brane in Kq, as defined in eq. 
(j3.9|) . Notice shift symmetries 6S = ic, 6S = id (c, d real). 

The kinetic terms of the five-brane fields arise from reduction of the Dirac-Born- 
Infeld (DBI) Lagrangian: 

C^neUc = -tIVVtV^]^. (4.7) 

They are quadratic in V, a consequence of the form of the DBI action, and the prefactor 
VVt is the coupling to the supergravity background. Notice that since this term is 
linear in V, it will naturally assemble with the contribution in + S" in eq. ()4.5|) . 

At this point, the contributions from bulk, plane and five-brane kinetic Lagrangians 
have been considered, with tensor fields in V, Vp and V verifying Bianchi identities 
modified by plane and brane sources. But we still have to consider further contributions 
from the topological term with modified G4, as obtained in the previous section. These 
terms will be collected in Cthreshoid- The symmetries of expressions fl4.4|) - ()4.7|) allow 
the introduction of the following corrections to gauge kinetic terms {threshold 
corrections): 



C 



thresholds 



-2^^/5A(^T + 2Me2^M) 



+1 



J D 

(4.8) 

The first contribution corresponds to threshold corrections depending on the volume 
modulus [HI 1221 Ell- Gauge invariance of the full Lagrangian with this term is obtained 
by postulating the appropriate variation of the linear multiplet Lt in C Bianchi- 

SLt = 2^A(5a. 

i 

The second and third contributions are threshold corrections depending on the /Z2 
location of the five-brane and/or, for the last one, on matter multiplets. The coefficients 
j3i,Pi,e and the functions giiV) can be obtained, as explained below, from Calabi-Yau 
reduction of the topological term with anomaly-cancelling modifications. Symmetries 
of the theory leave these functions unconstrained but the terms considered here only 
require linear functions, QiiV) = "yiV + Si. Finally, the quantity aM^ in expression ()4.8|) 
denotes the holomorphic cubic invariant also present in the matter superpotential [HIHI. 
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The superpotential arises from the components Gijky of G4. They also verify a non- 
trivial Bianchi identity which is not modified by five-branes since three holomorphic 
directions cannot be transverse to their world-volumes. The superpotential contribu- 
tion to the Lagrangian is then 



■-superpotential 



slw 



with W = c + aM^, (4.9) 

J F 



The constant c being the 'flux' of the heterotic three- form in direction eijk [7| I35j. 

This formulation of the effective supergravity, with six superfields to describe three 
moduli supermultiplets leads to several equivalent forms, depending on the choice made 
when eliminating the three superfluous multiplets. The Lagrange multipliers S", and 
S imply the following constraints on the vector multiplets: 

S : 1/ = L-2^,.a, L linear (w = 2, n = 0), 

Lt : Vt = T + T - 2Me^^M, T chiral {w = n = 0), (^410) 

S : V = 1/-! (^L + 4^./3a) , L linear (w = 2, n = 0). 

Eliminating S, Lt and S leads then to a formulation where moduli are described by 
L, T and L, two linear and one chiral multiplets: 



[SoSoiT + T- 2Me2^M)]3/2 (L - 2 ^^)-^'^ 
-t{T + T - 2Me2^M) {L-2J2^ Q,)-' (L + 4 

+ {L - 2 {e|«M3|2 _ 2r S^We'^'M^ } (4.11) 



J D 



+ 



Component expressions for this apparently complicated theory can be obtained using 
superconformal tensor calculus [22] ■ Notice that plane contributions (superfields fli, Wi 
and M') now appear in the bulk Lagrangian (first line) and also in the five-brane DBI 
contribution (second line). Five-brane contributions (multiplet L) appear in gauge 
kinetic terms (a "plane term") while threshold corrections (third and fourth lines) 
involve plane and five-brane fields. These mixings are induced by the modified Bianchi 
identities, eqs. (l4.1Uj) . and by threshold corrections required by anomaly cancellation. 

The kinetic term quadratic in the five-brane modulus superfield L appears in the 
second line. It can clearly be derived from the DBI Lagrangian, as done in ref. JH]- But 
the superfield structure implied by the modified Bianchi identity leading to the first eq. 
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()4.10|) also implies that the same kinetic term can be obtained from gauge threshold 
corrections which follow from Calabi-Yau reduction of the (modified) topological term. 
This point will be explicitly verified in the next paragraph. 

This unfamiliar supergravity theory is particularly useful to study its scalar poten- 
tial and vacuum structure since linear multiplets do not have auxiliary fields. We will 
come back to this point later on and especially when studying condensation. 

It is however more common to formulate the supergravity theory with chiral moduli 
S and T, and then to eliminate V and Lt using their field equations. One obtains: 

4 



C ■■ 

2 



SoSoe-'^/^ 
with the Kahler potential 



+ 

D 



SiW + jJ2iS + /3iT + Tp,S)WW] , (4.12) 



/C = - \n{S + 5 - A) - 3 ln(T + T - 2Me^^M) (4.13) 

and 

A = -T{T+T-2Me^^M)V^ + ^T{S+S)V+e\aM^\^-2T'^g,{V)lTe^^M\ (4.14) 

i 

The field equation of the vector multiplet V implies then 

V = {4Vt)-' (^S + ^-4:J2 7*M'e'^M') , (4.15) 

i 

with Vt as in the second eq. ()4.10|) . The fully chiral formulation of the effective 
supergravity is then defined by Kahler potential ()4.13|) with now 

A = f^(r + T-2Me2^M)-ifs + ^-4^.7iMV^M*y 

^ ^ (4.16) 

+e|aM3|2 _ 2r ^. SiWe^^M' , 
gauge kinetic functions 

f = S + p'T + T(3'S, (4.17) 

and superpotential (j4.9|) . The presence of the five-brane then introduces mixing of the 
three chiral multiplets S, T and S and the off-diagonal elements of the Kahler metric 
severely complicate the analysis of the theory. 

Before returning to the analysis of the effective supergravity, we need a precise 
identification of the supergravity fields in terms of massless modes of the compact- 
ification. 

The notation we use for component fields is as follows. Vector multiplets V, V and 
Vt have respectively vector fields V^, and and (lowest) real scalar C, C and Ct- 
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And we use the same notation for chiral multiplets S, T and 5* and for their complex 
scalar lowest components. Eqs. ()4.10p indicate then that 



Ct = 2{ReT - MM), 



= -2d^, ImT - 2iM{V^M) + 2i{V^M)M, 



that the lowest scalar component of the string coupling linear multiplet L is also C 
and that the five-brane linear multiplet L has a real scalar i = CC. Relation ()4.15|) 
also implies that 



Re 5 



dn Im S 



4C'(ReT - MM) + 2 ^ . ^M'M' , 

-4V;,(ReT - MM) + 4(7(9^ ImT + iMV^M - iMV^M) (4.18) 
-2t E . ^iiJtV^M' - M'V^Kt). 



The scalar field C has background value proportional to y, the five-brane location along 
S^. In our units with 2ttRsi = 1 = Vg, the four-dimensional gravitational constant is 
Ki = K and 

y 



K4 ITXK 



(4.19) 



In order to derive the identification of the matter scalars of eq. ()3.3|) and the 

superconformal multiplets M™*^*\ we note that the component G^fjy of the four-form 
is related to the vector component of the real multiplet Vr, which is 

(\/t)m = -2[5^ ImT + tM{V^M) - z(P^M)M]. 

On the other hand, using eqs. ()3.2|) and ()3.3p . we also find 



G 



my 



k,fj.ij 



^ {Ann')-'/' (d, ImT- ^!^[A^^■^V,A^'^ - A^'%A^^^ 



By comparison, one obtains 



with an irrelevant sign choice. 



^27r 



(4.20) 



Finally, the gauge fields in Vti or W"^*-* are the massless modes A^ 



a{i) 



4.1 Gauge coupling constants 

The effective supergravity Lagrangian predicts a very specific moduli dependence in 
the super- Yang-Mills sector relevant to the determination of the effective superpoten- 
tial with non-perturbative configurations. The field-dependent gauge couplings can of 



19 



course be obtained in any formulation of the theory. But the closest relation to the 
higher-dimensional origin of the effective supergravity is realized with supermultiplets 
L (for the string dilaton multiplet), T (Calabi-Yau volume modulus) and L (for the 
five-brane /Z2 modulus). This is the theory defined by eq. (j4.11|) in which tensor 
calculus leads to the following (inverse squared) gauge couplings: 

1 1 f Zo-Zo{T + T -2MM)\"^ .-^irr^.Tf, ^-T7^^M/^2 



-2 = 2['^^C ) +2^T + T-2MM)[C' + mC] 



(4.21) 



The complex scalar zq is the lowest component of the compensating multiplet 5*0. 
In the Poincare theory, it is a function of the physical scalars chosen to obtain a 
specific "gravity frame" . The Einstein frame where the gravity Lagrangian is —i^e^Ri 
corresponds to^^ 

'^^IC = [^-^ '-j . (4.22) 

Without branes or threshold corrections the dimensionless field 4k|C is then the (uni- 
versal) gauge coupling gf. 

On the other hand, the chiral version of the theory has gauge kinetic functions 
(HT7I) and then: 

\ = Re{S + (3iT + T^PiS). (4.23) 

The equality of these two expressions is encoded in the duality transformations ex- 
changing linear multiplets L and L with S and S: 



\{S + S) = 2{T + T -2Me^^M)V + 2J2.^iM'e^^M\ 

(4.24) 

+ f (T + T - 2Me2^M)V^ 



with V and V as in eqs. ()4.1U|) . The lowest scalar components of these two superfield 
equations show the equality of ()4.21|) and ()4.23|) . 

The "natural" definition of the dilaton ip with kinetic Lagrangian {df,\nipf/A is to 
identify 

-\n{S + S-A) < — > -ln{2if) 



22 



See for instance (3^1 EI- 
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in the Kahler potential ()4.13p . i.e. 



2C 



32 T + T~2MM ^ 2 ' ' 



(4.25) 



From now on, we omit charged matter terms, as we expect (M) = 0. In terms of 
the dilaton, the gauge couphngs read then 



^ = + Re T 



V^ + ReT 



tC^ + 4rAC + A 

2 



Reg 
16 \ ReT 



- Re 5* „ 



(4.26) 



They display a universaP^ correction quadratic in the five-brane location, as well as 
gauge group-dependent corrections linear in C or constant. The chiral version has only 
terms linear in S", T and S: the universal quadratic correction has been absorbed in the 
non-harmonic redefinition turning the dilaton into Re S. And of course the quadratic 
term reappears in the Kahler potential for S [see eqs. fl4.13p and ()4.16|) ]. 

We now restore the summation over several five-branes and split the coefficients 
according to A = i^f^ + /?f "'^ Y.i 

Tj since they receive in general contributions from 
both planes and five-branes.^^ Using the identification ()4.19p . one obtains 



^ + Re T + Re T ^ n I (3^ 



9t 



K \27r 



2tt) 



(4.27) 



Notice that since the exchange 1 ^ 2 of the plane indices is equivalent to moving the 
five-brane from yj to n — yi, we expect 



. , pi ^ — HI HI "T -p 2 ■ 



The next step is to compare these results with the terms obtained from the reduction 
of the topological term and especially with the brane contributions described by the 
first term in eq. ()3.8|1 : 

2 



brane 



-y 

I 



ImT 



+ 



yi_ 

2ti 



2ti 6 



yi_ 

27r 



1 ■ 
12 



^(1)^(1) 
Tr F*-^-* F*-^-* 



(4.28) 
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i.e. identical for all group factors, all values of index i. 



^'^The constants /S''"^''' and Pi should not depend on /. 
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The terms of order (y/)^ have identical coefficient for both planes. If our effective 
supergravity is correct, this contribution should appear in the DBI term appearing 
in the second line of Lagrangian ()4.1H) . The vector component of the Chern-Simons 
multiplet Q is 

064 

and the component expansion of (j4.1ip includes then 

-4e^TiC]{d^lmT) ^ fif + . . . 

i 

Integrating by part for constant values Cj = (Cj) = yi/{2nK), we obtain 

i 

which fits correctly the quadratic term in ()4.28p . It is then not needed to perform the 
Calabi-Yau reduction of the five-brane DBI Lagrangian to find the kinetic terms of the 
five-brane modulus superfield: knowledge of the superfield structure, eq. (HHH), and of 
the gauge terms implied by the topological term is sufficient. Similarly, the terms of 

order yj and (?//)° in the effective supergravity and in the reduction of the topological 

(2) 

term can be used to find the values of the coefficients (3^ and 

The second line of Lagrangian ()4.11|) indicates that the DBI contribution also in- 
cludes gauge terms of order C, which after partial integration read 

- Im T V r, |i V A Tr (4.30) 

I i 

By comparison with ()4.28|) . we find 

Pi = P2 = 0. (4.31) 

4k 

Finally, comparison of the ^//-independent terms in eq. ()4.28|1 with the first term of 
(j4.8j] . which includes 

- 2 J2 m^VT]j, = ^ Im T ^ A Tr F^F^^^^ + . . . , (4.32) 

i i 

indicates that 

As expected, exchanging planes 1 2 is equivalent to yi ^ n — yj. 
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Finally, as usual, the coefficients /jf^'''' can be read directly from the ffist line of 
eq. ()3.(j|l . which includes contributions to the topological terms arising from the hy- 
perplanes only: 



A 



ipi.) 



(4.34) 



or 



PI 



(pi.) 



■(2(X,)-(X.)), /^^''' = i(i^(2(^^)-(^i))- (4-35) 



Notice that 



6(47r)3K2 

vanishes in the minimal embedding without five-brane jSl I29j. 

To summarize, in terms of the dilaton, the gauge couplings on both planes, as 
calculated from the modified topological term, read: 



1 

9i 



(4.36) 



A nicer expression reminiscent of eqs. (I2.2(J|) or (j2.23p uses the distance from the brane 
to the planes: 



1 = ^ + /?rRer+^RerJ^r, 
1 = ^ + /3f)ReT+^ReT5^r, 



(A,,2)^ 

(A/,i)^ - ^ 



(4.37) 



where A/ i = yi/ir, and A/ 2 = 1 — yj/vr, as in eq. (j2.18j) . The contribution of a 
five-brane to the gauge couplings on one hyperplane decreases quadratically from a 
maximum value ^ 

— -Tj ReT 

when the brane lies on the plane, to a minimal value 

1 



12k' 



rT/ReT 



when the five-brane lies on the opposite plane. For a five-brane in the middle of the 
interval, both gauge couplings receive the correction 



48k' 



:TjReT. 
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With however (A/.j 



1, 2), the term quadratic in y is necessar- 



ily universal and the two (inverse squared) gauge couplings differ only by a contribution 
linear in y: 

1 1 _ ReT 

7i~72~ 2(47r)3«:2 ■ ■ ■ ^ y 



(X,)-(X.) + $:a.(l-^) 



(4.38) 



with A/ 2 — A/ 1 = 1 — 2yi/Tx and in terms of the area ai of the two-cycle wrapped by 
the five-brane in Kq [see eq. (14. 

The normalization of the four-forms I^^i and 14^2 is such that their integrals over 
a four-cycle in Kq are half-integers. Similary a/ is an intersection number of the two- 
cycle wrapped by the brane with the four-cycle, in units of the Calabi-Yau volume. 
These statements follow from the integrated Bianchi identity verified by G4 and from 
rewriting eqs. (|3.7p and (j3.9p in the form 



aj = -i S^^^Wej) Adz Adz, 



Ti) = —i (li) A dz dz. 

JKa 



Eq. (j4.38j) matches then nicely the idea that a five-brane moved to the hyperplane 
at y = decreases the instanton number on this plane, or on the second plane when 
moved to y = tt. 

In the chiral version of the theory, the gauge kinetic functions are 



Since 



I 



{ReT)-K{ReS) = {ReT){l- — 



T-kS 



(4.39) 



TT 



the difference is again eq. ()4.38p . 



4.2 Discussion of some matter terms 



We have seen that the gauge part of the five-brane-induced contributions to the topo- 
logical terms are due, in the effective supergravity, either to the effect of the modified 
Bianchi identities on the Dirac-Born-Infeld Lagrangian, or to threshold corrections. 
Since charged matter multiplets M arise from the fields living on the fixed hyper- 
planes, as do gauge multiplets, we may expect that some or all matter contributions 
^^We have chosen Vg = 1. 
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obtained from the reduction of the topological term can also be derived from the DBI 
effective Lagrangian. 

As an illustration, we will establish that the charged matter term in expression (|3.8p 
arises for its part quadratic in yi from the DBI Lagrangian, while the terms linear and 
constant in yj originate from threshold corrections. Since the vector component of V 
is related to the string antisymmetric tensor Bab by 

27r 

= _ .M-P'.^^S (4.40) 
864 

the string-matter coupling term in eq. (j3.8p takes the form 

^ ' I,i ^ ^ m 



(4.41) 



The functions gi{yi) are at most linear in yj: 



~9i{yi) = -^ + l, Uyi) = -^- (4.42) 

ZTT iz 

The first term in the r.h.s. of eq. ()4.4ip is universal and can clearly be retrieved 
from the DBI Lagrangian in the second line of theory (j4.1H) by selecting the matter 
contribution inside Vr, 

- 2ie^Tj C] v^lMiV^M) - M{V^M)] + . . . , (4.43) 

and identifying as usual with yj{27iK.)~'^ . 

The second term in the r.h.s. of eq. ()4.41|) originates from matter threshold cor- 
rections in the supergravity Lagrangian 1)4.111) . The relevant term is: 

- 2ie^Tjv^J29^iC)[M'{V;M') - M\V^M')] + ... (4.44) 

i 

Comparison with eq. ()4.4H) indicates that 

7i = -i 7. = 0, S, = ±. (4.45) 
Interestingly enough, 6i = (3^''''^ and % = 4/3^. 
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Finally, we briefly return to the issue of tracing back the supersymmetric origin 
of interactions such as expressions ()3.1H) and ()3.12j) . As already mentioned in Sec- 
tion 3, eq. ()3.11|) seems in general hard to cast in a supersymmetric form because of 
the complicated mixing of matter contributions from both hyperplanes. This feature 
is also present in eq. (|3.12|) . forbidding by the same token its supersymmetrization 
for a generic background. We however have little information on the nature of four- 
dimensional matter counter-terms which could be added to anomaly-cancelling cor- 
rections and could radically change the picture. At this level of understanding, this 
discussion cannot be conclusive. 

Nevertheless, eq. (|3.11|) allows a supersymmetric formulation for the standard em- 
bedding in the gauge group in which chiral matter multiplets only appear on one plane, 
say A = A2- Then, eq. ()3.1H) reduces to 

which extends to the supersymmetric density 

[^r\aM'?]^-^^,m-{'l2))[nrMe-^M]^. (4.47) 

The second term could in principle correspond to the flrst contribution appearing in 
the threshold correction ()4.8j] . 



(4.46) 



5 Condensation, the non-perturbative superpoten- 
tial and membrane instantons 

The non-perturbative superpotential arises from the F-density in the supergravity 
Lagrangian ()4.3p when some or all gauge flelds condense. It can be evaluated using 
a standard two-step procedure: flrst obtain the effective action for condensates and 
then eliminate the condensate by solving (approximately in general) its fleld equation. 
Computing the effective action amounts in principle to couple the superfleld WW to an 
external source, integrate the gauge flelds and perform the Legendre transformation ex- 
changing the source fleld with the (classical) condensate fleld. It is well known that the 
symmetry content of super- Yang-Mills theory and anomaly- matching are sufficiently 
restrictive to accurately describe condensation 

As usual, we assume that the gauge multiplet which flrst condenses does not couple 
to matter multiplets M. We then split the gauge group into Qq x Ha^n' where the 
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simple group Qo condenses and matter multiplets only tranform under Ha^^- 
terms involving Qq gauge fields in the Lagrangian reduce then to 



(5.1) 



Following ref. these contributions are simply replaced in the effective action for 
condensates by 



{S + poT + Ti3oS)U + 



bo 
247r2 



f/ln( 1 -f/ 



+ 



^0^0 K i USa^ US, 



) ^0 



D 

(5.2) 

where U is the (classical) chiral superfield {w = n = 3) describing the gaugino con- 
densate, (U) = (AA). The coefficient of the Veneziano-Yankielowicz superpotential is 
dictated by the anomaly of the superconformal chiral U{1). It is proportional to the 
one-loop beta function, Bq = 3C{Qo), and the scale parameter /i is the energy at which 
gauge couplings in expressions ()4.37|) are defined. Finally, the leading contribution to 
the Kahler potential K is controlled by the scaling dimension (Weyl weight) of U. 

The effective Lagrangian with condensate U can be obtained by collecting all terms 
in the "microscopic" Lagrangian ()4.3p , with contributions ()5.1|) replaced by the effective 
terms ()5.2|) : 



eff. 



- {SoSoiT + T- 2Me2^M)}3/2(2\/)-V2 _ + ^)v- 

-tVV\T + T- 2Me^^M) + |(5 + ~§)VV 
+V{e\aM^\^ - 2TY.i9iiy)We'''M'] + SoSoK (u S^\USl'' 

E,(5 + /5aT + r/3,S)W,W, 

Si (c + aM3) + i(S + /?oT + tP,S)U + ^{U \xi{U I ii^) - U} 



J D 



J F 



+ 



(5.3) 

As before, vector multiplets V and V are constrained by the field equations of La- 
grange multipliers S and S, which impose modified Bianchi identities. Rewriting their 
contributions in the form 

2s{e{V) + lu + ^Yl ^-^-} - rS[j:{VV) - ^PoU - ^a^-^-}] ^' (5-4) 

a a 

multiplier 5* implies 

U = -8J:{Vo), V = Vo-2j2^a, (5.5) 
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with a real vector multiplet Vq (8 bosons + 8 fermions). Then, multipher S requires 

VV = Lo- 2/3oK) + 4 ^ Pa^a, (5.6) 

a 

with a hnear muhiplet Lq and V as given in eqs. These solutions can be compared 

with eqs. ()4.1()|1 . which apply before condensation of WoWq. Clearly, the real vector 
multiplet Vo describes L — 2f2o I cond., i-e. it includes the string coupling linear multiplet 
L and the condensate field [3T]. Similarly, the linear multiplet Lq replaces L + 2(3qL. 

To obtain the non-perturbative superpotential however, one first chooses the for- 
mulation of the theory with chiral multiplets only. The elimination of vector multiplets 
V and V is as in the previous section. Omitting from here on gauge fields Wa and 
charged matter fields M, the chiral formulation of the effective Lagrangian is 

-^So'S^e-'^/^ + Sq'SqK 



-eff. 



+ 



D 

SI (c + aM3) + i(5 + PoT + tPoS)U + ^{UHU/fi^) - U} 



\5.7) 

The Kahler potential /C is as in eqs. fj4.13|) and ()4.16|) . with full mixing of multiplets 
S, T and S. To derive the non-perturbative effective potential, neglect K."^^ The field 
equation of the condensate field U implies then 

,3 ' 



U = /i^exp [--^^[S + PoT + T(3oS] ] = U, (5.8) 
and the effective superpotential becomes 

Wnp = c + aM^ - U (5.9) 



This superpotential is the sum of the 'microscopic' superpotential and the non-pertur- 
bative contribution of the gauge condensate. The non-perturbative contribution is the 
exponential of the sum of the string coupling, Calabi-Yau volume and five-brane moduli 
contributions. With several condensates, the non-perturbative piece would be replaced 
by a sum of similar terms over all gauge simple factors which condense. 

To get a qualitative picture of the effect of the five-brane, use eqs. fl4.H9|l and ()4.H8|1 
to rewrite the condensate as a function of the five-brane position along 5*^, assuming 
first that the condensate arises on the hyperplane at y = 0: 

\U\utpiane = l/x^ exp (-^ [rc ^ + Rc t| |(Xi) - ^Xa) + |a - f «} 



(5.10) 



^^Disregarding the Kahler potential K is the same as considering J7 as a constant background field 
with value chosen to extremize the action. 
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If the condensate arises on the hyperplane at y = tt 

\U\2ndpiane = |/i|^exp (-c(gT,)g^) 

= \U\lst plane X exp (^^^(4^)3^2 

The non-perturbative superpotential ()5.9p and the condensates ()5.10|) and ()5.11|) 
display the dependence on the five-brane location on expected from explicit cal- 
culations of membrane instanton corrections in the four-dimensional effective theory 
|14^ ITH] . We have obtained this dependence from the analysis of the fundamental 
Bianchi identity of M-theory and from the (modified) topological term, showing in this 
way that open membrane instanton contributions find their higher-dimensional origin 
in anomaly-cancellation in the presence of five-branes. 

This observation has a second consequence. The non-perturbative superpotential 
is not a sum of exponential terms generated by gaugino condensates and membrane 
instantons, a structure which is not in any case expected to appear in the effective 
supergravity. Instead, we find a non-perturbative term which is the exponential of a 
sum of terms linear in the chiral fields, a structure characteristic of threshold corrections 
induced by anomaly-cancellation in higher dimensions. 

In our reduction scheme, the "microscopic" superpotential c -|- aM^ is moduli- 
independent. It is however known that T-duality induces a holomorphic dependence 
on T compatible with our supermultiplet structure as described in Lagrangian ()5.3|) . 
The existence of dual descriptions of moduli 5" and S in terms of constrained vector 
multiplets V and V or in terms of linear multiplets L and L implies that the "micro- 
scopic" superpotential cannot depend on S or S. 

5.1 The scalar potential 

Because of the mixing of the three moduli multiplets S, T and 5* in the Kahler metric, 
the scalar potential present in the component expansion of the effective Lagrangian 
()5.3p is not positive and analysing its vacuum structure is a severe problem. This 
mixing is due to the kinetic terms of the five-brane massless modes, it is unavoidable 
whenever five-branes, and then whenever S, are present. 

We may however gain insight by deriving the scalar potential directly in terms of 
the components of the constrained vector multiplets. This version of the theory is 
indeed more tractable than the chiral one since the mixing of moduli fields is simpler. 
The relevant multiplets are then T, V, V for the moduli and U for the condensate. 



ri) - (J2) + a(l 



2y 



(5.11) 
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Charged matter terms are as before omitted since we are interested in vacua where 
they vanish. In the Einstein frame ()4.22|) . the relation between the dilaton ()4.25|) and 
the lowest scalar component C of \^ is 

and the scalar potential is eventually expressed in terms of the physical dilaton. As 
explained in eqs. ()5.5|) . eliminating S with Qa omitted generates the modified Bianchi 
identity U = —8T,{V), where V is the vector field describing L — 2fio I cond.- To derive 
the potential, we only need the scalar components of V and U, 

V={C,0,H,K,0,0,d), U={u,0,fu), 

(5.13) 

u = -4{H -iK), fu = ^d. 

Since a non-zero condensate u also switches on the field H — iK of the dilaton multiplet 
V, the gaugino condensate clearly breaks supersymmetry in this sector, as expected in 
a theory where the dilaton couples to gauge fields. Eliminating S defines the five-brane 
(effective) linear multiplet VV = Lq — 2PqV and, since linear multiplets do not have 
auxiliary fields, we may simply write 

Lo = (CC' + 2/3oC,0,0,0,0,0,0), 

in terms of the lowest scalar component C of V, when deriving the scalar potential. 
The resulting scalar potential is then a function of the physical scalars C (the dilaton, 
see. eq. I5.12|) . the S^/Z2 modulus C = y/{27ihi), the Calabi-Yau volume modulus T 
and the gaugino condensate u. It is also a function of the auxiliary fields d, fx and /o 
(in the compensating multiplet 5*0) which can be easily eliminated. 

The Kahler potential K generates a term quadratic in d. We will write the scalar 
potential by restricting K to its leading term [HT] 

K{US^\US-'')So'So = AiUUf/^ , (5.14) 
with an arbitrary normalisation constant A > 0. The scalar potential as a function of 



30 



d, C, C, T and u reads then: 



eff. 



^^Aimy^'M^ - Bd 

9 ^ ' 



uu 

Tec 



3 1 



2 4/t|C 



+ r(C' + 2/3o)'(T + T) 



4iT + Tf 
{T + Tf 



-2 



w + -Kiu 

o 

3 



T + T 
2/^^(^ 



3/2 



T + T 



1 3 (T + T)3/2 
"■4 



(2/€lC)i/2 



(5.15) 

The first two terms arise respectively from the condensate Kahler potential term 
[SqSqK]£i = A[{UUy/^]]:, and from the condensate T-density 



condAF 



]iS + PoT + tPoS)U + -^{U HU/fi') - U} 
4 yoTT^ 



The coefficient B relates the gaugino condensate field u and the gauge couphng g^, as 
defined in eq. fl4.26|) : 



B 



9l 



+ ^ln 



d 

8 Re T^Wcond. ■ 

ou 



The standard field-theory value of the condensate, 
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\u\ 



/i'^exp 



(5.16) 



(5.17) 



is obtained if 5 = is part of the scalar potential vacuum equations. 

In eq. (I5.15j) . the second line is proportional to \H—iK\^ and the fourth line to |/t|^, 
and we have included the possibility of a T-dependent perturbative superpotential, as 
often implied by T-duality, even if our reduction scheme predicts Wt = ^ = 0. The 
dependence of the potential on the five-brane position C = y/ (2t\:k) is best understood 
by defining the distance Ac from the hrane to the condensate: 



(5.18) 



For a condensate on plane 1: Ac = ^/tt = 2kC*. 

For a condensate on plane 2: Ac = 1 — y/vr = 1 — 2/t (7. 

Using then the values of the threshold coefficients found in eqs. ()4.3H) and ()4.33p . we 
find in both cases: 

1- 



/?o + r[C2 + 4/3oC] 



n{pl.) J_ 

(C' + S/^o)^ = T^(l-Ac 
4k^ 
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1- A. 



3J 



(5.19) 



These results agree with the dependence on the five-brane location found in gauge 
couplings ()4.37|) . 

At this stage, we have two options. We may neglect the Kahler potential K and 
assume A = Q. Then, the auxiliary field d imposes the field equation 5 = and the 
correct value of the gaugino condensate. This procedure is equivalent to the derivation 
of the effective non-perturbative superpotential ()5.9|) . The field equation 5 = allows 
to eliminate u and to express the effective potential, which does not include the first 
line in expression (j5.15|) . as a function of the moduli scalars C, C and T only. 

Instead, with a non-zero Kahler potential K [i.e. with A > 0), solving for the 
auxiliary d turns the first two terms of the scalar potential ()5.15|) into 

_L:^(„^)2/3 (520) 
128 A ^ ^ ' ^ ' 

and a generic (non supersymmetric) stationary point of the potential does not nec- 
essarily lead to i? = and to the standard gaugino condensate ()5.17|) . But since B 
appears quadratically in the potential, the same stationary points with 5 = would 
exist in both cases A = and A> Q. Notice that the condensate term (j5.20|) can also 
be written 

(Re ^W,ond)\ = -^g=.A{uuf/\ 

This is the potential term due to the auxiliary field /„ of the condensate chiral superfield 
U , with non-standard Weyl weight w = ?>. The imaginary part of -^Wcond. does not 
contribute to the potential because of the constraint U = — 8S(V) [31J. 

A complete analysis of the stationary values of the scalar potential (j5.15|) cannot 
be performed analytically. In the absence of five-branes, the potential can be written 
in the form 

V = ^{K^^r' (Re ^^W^ond)' + ^ [{2KlC)ys\' + 3(T + T)-2|/t| 

in terms of the Kahler potential JC = — \n{S + S) — 3 ln(T + T) with diagonal metric. 
A relatively simple study of the stationary points of the potential with for instance 
5 = can be performed as a function of the auxiliary fields fs and Jt of the chiral 
dilaton S and the volume modulus T respectively. 

But the introduction of the five-brane mode leads to mixings of the chiral super- 
fields. For instance, according to the second superfield eq. ()4.24|) . the auxiliary field in 
the chiral dilaton multiplet S reads 



(5.21) 
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The second term is due to the five-brane and it involves the auxihary field fx, which is 
proportional to the last line in the potential ()5.15p . Similarly, the auxiliary component 
of the five-brane multiplet S is 

= ACfr -{T + T){C + 2^P,){2KlCr^Klu. (5.22) 

Mixings of the auxiliary fields then arise whenever C 7^ 0, i.e. whenever the five-brane 
does not lie on the fixed hyperplane at y = 0. 

6 Conclusion 

In this paper, we have studied the Calabi-Yau reduction of the low-energy limit of 
M-theory on the interval with five-branes aligned to preserve four supercharges. 

We have used a fully consistent, four-dimensional supergravity and superfield setup and 
included the modulus field describing five-brane fiuctuations in the interval direction. 
The gauge anomaly-cancelling topological term is modified as a consequence of the 
five-brane contributions to M-theory Bianchi identities. We have derived the new four- 
dimensional interactions induced by these five-brane modifications and shown that 
they lead to new gauge threshold corrections with a calculable dependence on the five- 
brane position along S^. In particular, these threshold corrections fit nicely the change 
in the instanton number expected when a five-brane is moved onto one of the fixed 
hyperplanes. Of course, when gauge condensation occurs, these threshold corrections 
explicitly appear in the effective non-perturbative superpotential, with an exponential 
dependence of the five-brane location. 

The same five-brane-dependent contributions to the non-perturbative superpoten- 
tial can be obtained from a different perspective. It is expected that open membranes 
wrapping a two-cycle in the Calabi-Yau threefold and extending from a five-brane to 
a ten-dimensional hyperplane generate, in the four- dimensional effective field theory, 
instanton-like contributions. Instanton calculus allows to explicitly compute these in- 
stanton corrections and the resulting contributions to the non-perturbative effective 
superpotential. Strictly speaking however, instanton calculus only applies in specific 
limits, which in the case under scrutiny restricts the understanding of the global struc- 
ture of the superpotential and of the interplay of the various moduli fields. It is 
precisely here that our effective supergravity Lagrangian, as derived from M-theory, 
adds important new information. In particular, since membrane instanton corrections 
actually originate from threshold corrections related to ten-dimensional anomaly can- 
cellation, the non-perturbative superpotential is the exponential of a sum of terms 
linear in moduli chiral fields. 
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Appendix A: conventions and notations 

Our conventions are as in refs. j^E] and We use the upstairs picture M4 x Kq x 
S^/Z2, where the 5*^ coordinate is x^^ = yR, with a (27r)-periodic angular variable y. 
We use — TT < y < 7T when explicit values are needed because of the natural action of 
Z2 in this interval. Our indices convention for the M4 x Kq x /Z2 reduction is 



= (x'^^yR) = {x'',z\z\yR), M = 0, . . . , 10, A = 0,...,9, z,A; = l,2,3. 



For bulk moduli, we use the terminology familiar from string compactifications: the 
moduli s = ReS and t = ReT with Kahler potential (jH.lj) are respectively related to 
the dilaton (or string coupling) and to the Calabi-Yau volume. This convention follows 
from the metric 



which defines the Calabi-Yau volume. Rescaling g^^, to the four-dimensional Einstein 
frame leads to 



Comparison with the standard eleven- dimensional metric used to diagonalize kinetic 
terms in the four-dimensional A/" = 1 supergravity Lagrangian, 




g'Xe dx^dx^ = g^^ dx^^dx" + V^^^dfj dz'dz^ (A.2) 



dsl^ = e^-^l^ [V-^gt,u dx^'dx" + dy^] + e-^-^/V^/^^.j dz'dz^ . 



(A.3) 



dsl^ = s"^/^ [r^g,^u dx^dx^ + t'^dy^] + s 



^^6fj dz'dz^ , 



(A.4) 



leads to the identifications 



(ReT)^ = V, 



ReS = Ve-^^ . 



(A.5) 
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Hence, t is the volume modulus while s is the dilaton or string coupling modulus. 



The terminology often used in the context of M-theory defines instead another 
Calabi-Yau volume V in units specified by the metric ()A.3|) . with then 



V = Ve 



-24, 



ReS, 



{ReTf = Ve^^ = VR^ 



It seemingly exchanges the respective roles of the bulk moduli. 

In order to avoid duplication of contributions due to Z2 periodicity, our eleven- 
dimensional supergravity action and Green-Schwarz terms are multiplied by 1/2 with 
respect to standard conventions in use for Mn: 



C.J.S. 



G.S 



eR - -G4 A *G4 - -C3 A G'4 A G4 
2 6 



- — G4 A X7 . 
Air 



(A.6) 



with membrane tension T2 = 2it(Atck,'^) and 

1 



(27r)34! 



Itri?^-— (tri?2)2 
8 32^ ^ 



(A.7) 



To respect Z2 symmetry, we assume that a five-brane with world-volume located at 
some uq has a Z2-mirror at — ?/o- The Dirac distribution transverse to its world- volume 
M4 C We C M4 X Kq is then defined by the condition 



(A.8) 



We 



for any 6-form /g, since it takes both copies into account. 

The membrane and five-brane tensions T2 and T5 are related by the Dirac- Zwanziger 
quantization condition 



and also by 



{T2f = 27rT5. 



We then express all constants in terms of k^, with 

With these conventions, the Bianchi identity is 

An ( 1 



(A.9) 



4,i , 



(A.IO) 



where the index / labels the Z2-symmetric pairs of five-branes and the charge qi is +1 
for a five-brane, —1 for an anti- five-brane. 
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One subtlety when integrating the Bianchi identity is that one cannot find a Z2-odd 

function e{y) such that de = 6{y — yo)dy. As in ref. [221, we then use ?/,yo — 7r,7r] 
and 

^yo{y) = sgn(?/ -yo) - - — deyoiy) = (26{y-yo) - -)dy, 

TV \ 71 / 

y 1 

ei(l/) = eo(l/) = sgn (y) , dei{y) = 26i dy, 

71 TT 



y — 1 

ei{y) = t^{y) = sgn (y - vr) , de2{y) = 262 dy. 

71 71 



(A.ll) 



The sign function is 

r 

sgn(r) = -j— j- if r 7^ 0, sgn (0) = 0, sgn (r) = — sgn(— r). (A. 12) 

With this definition, ei and €2 are odd functions while €yf^{—y) = —e^y^^y). The 
function 

2y 

^yoiy) + ^^yoiv) = sgn {y - yo) + sgn {y + yo) (A. 13) 

71 

(0 < ?/o < tt) is then odd with 

d[ey,iy) + e-y,iy)] = 2(^6{y - yo) + 5(y + yo))dy - (A.14) 

This function is useful to insert five-brane sources in the Bianchi identity. Since the 
five-brane world- volumes Wg,/ are of the form M4 x C2 {C2 a holomorphic cycle in -ftTg), 
We,/ is located at y = yi with a "Z2-mirror five-brane" at —yj. We then use 

S^'\We,i) = (S{y - yi) + S{y + yi))dy A 5^'\W,j), 



2 ^^-'^^ 
d[[eyAy) + ^~yAy)]S^'\m,i)) =26^'\We,j) - - dy A 5^'\W,,j), 

to integrate five-brane contributions to the Bianchi identity. 
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